Formal Concept Analysis is a framework of knowledge processing and knowledge representation based on order and lattice theory. Providing a better understanding of the relationships between the concepts of a given scientific field it has various applications from linguistics to data mining. This paper collects some areas of pedagogical work where the methods of Formal Concept Analysis can be adopted successfully.
INTRODUCTION
Formal Concept Analysis (FCA) deals with the formalization of concepts and conceptual thinking. The name "Formal" refers to the fact that a rigid mathematical definition of the concept is given here which must be distinguished from the concepts of the human mind. This definition uses the observation that a concept can be identified by a pair of two sets: one of them is a collection of the objects belonging to the concept and the other is a set of the common attributes of the objects. The main purpose of FCA is to describe the concepts and concept hierarchies in mathematical terms. The theoretical background of FCA is originated from applied lattice theory. The basic definitions of FCA was introduced by Rudolf Wille in the early 80's in Darmstadt (Germany).
In the last three decades FCA was successfully applied in many disciplines. It is not surprising that it proved to be useful in areas related to knowledge discovery and representation, so there are efficient FCA-based methods in linguistics, information retrieval, data mining, ontology engineering. Beside the fields mentioned there are various applications in psychology, psychiatry, biological and social sciences, civil engineering, security analysis. Moreover, FCA can be useful for the police: in [1] the authors applied FCA-based methods for detecting, monitoring and analyzing activities associated with organized crime. The categories of different and wide-range applications and a detailed list of related papers can be found in [10] . This comprehensive survey analyses more than 350 papers published after 2011, and shows the current research trends and the extension possibilities in FCA.
In this paper we give the basic definitions and tools in FCA and show how FCA can be applied in different domains of education. A brief literature review of the topic will verify that there are FCA applications for supporting the learning process and there are methods developed for teachers in order to evaluate their students. Our work focuses on applications in teaching mathematics, but the methods and results can easily be adopted in other subjects. 
FORMAL CONCEPT ANALYSIS
In this section we introduce some elementary notions of FCA, for a detailed discussion we refer to [5] .
Let be a set of given objects, be a set of attributes and ⊆ × be a relation between these two sets, where ( , ) ∈ means that the object has the attribute . The triple ( , , ) is called a formal context, which is often represented by a cross-table: the cell in row and column contains a symbol x if the -th object has the -th attributes. For example, see the context of animals in Table 1 : Table 1 .
Context of Animals (see [13] )
If ⊆ , we denote by ′ the common attributes of the objects belonging to :
and similarly, if ⊆ we denote by ′ the set of the objects which possesses all properties of :
The pair ( , ) is called a concept of the context ( , , ), if ⊆ , ⊆ , ′ = and ′ = hold. The set is called the extent of the context and the set is called the intent of the concept. In other words, a concept's extension contains all the objects that belong to the concept and the intension consists of all the attributes that the objects have in common. For example, the pair {(FINCH, EAGLE), (flying, bird)} form a concept of the context presented in Table 1 . It is easy to see that the set ⊆ is the extent of some context if and only if ′′ = . In addition, any meet of extents yields an extent again. We define an ordering relation between the concepts of a given context as follows:
With this relation the set of the concepts of a given context forms a complete lattice, in which all subsets have an infimum and a supremum.
Remark. The strict mathematical foundation of concept lattices is based on Galois connections and closure operators. This is the reason why sometimes the concept lattice is referred as Galois lattice or Galois graph.
ANIMALS preying flying bird mammals
An important advantage of FCA is that the elements of a concept lattice can be visualized by its line diagram, which expresses the hierarchical order of the concepts. For example, Fig. 1 presents the line diagram for the concept lattice of the context of Table 1 . Figure 1 .
Concept Lattice of Animals
The diagram is made by the software called Concept Explorer which is developed for researchers and students working in field of FCA. The diagram consists of circles, lines and the names of all the objects and attributes of the given context. The circles represent the concepts and the information of the context can be read from the line diagram by the following simple reading rule: An object g has an attribute m if and only if there is an upwards leading path from the circle named by "g" to the circle named by "m". Hence we recognize from the line diagram above that the FINCH has exactly the attributes flying and bird. As a consequence of the reading rule we can easily read from the line diagram the extent and the intent of each concept by collecting all objects below respectively all attributes above the circle of the given concept. For example, the concept appearing in the middle of the lattice is {(LION, EAGLE), (preying)}. The top and bottom concepts in a concept lattice are special. The top concept has all formal objects in its extension and the bottom concept has all formal attributes in its intension.
APPLYING FCA IN LEARNING AND TEACHING ACTIVITIES
In this section we discuss some educational applications of FCA methods. These applications can be separated in two groups without a sharp borderline between them. Some methods are developed for students, supporting them in their learning process by making the interrelations between the concepts of the studied scientific field more explicit. For teachers, FCA provides intuitive visualizations for a set of pedagogically relevant questions, for example in evaluation of students, designing exams and analyzing test results. Both of the groups (students and teachers) were aimed by the LEA's BOX project, ended at the end of 2016 (http://leas-box.eu). The special research focus of the project was the field of Learning Analytics and the development of network and lattice-based techniques including FCA [2, 9] .
In the following two subsections we give a survey of educational FCA applications citing some recent publications.
FCA APPLICATIONS FOR STUDENTS
A straightforward application of FCA is building contexts using the objects and their properties which were studied during the course. For example, the teacher would like to provide a summary of convex quadrilaterals and give the following objects: square, rectangle, trapezoid, deltoid, rhombus and the students have to fill in the table (context) of their attributes. We use the attributes suggested in [4] and refer that in [6] this context is extended and the topic is more deeply discussed. Table 2 .
Context of Quadrangles
Quadrangles
Based on the context in Table 2 , we obtain the concept lattice in Fig.2 . From the diagram students can read the hierarchy of quadrangles which is usually represented by Venn-diagrams in text-books. If we leave the elementary level of geometry and extend the context of quadrangles with new objects and more complicated attributes (e.g. symmetric properties), some hidden relationships between quadrangle-attributes can be invented, as it was shown in [3] .
Another way to help students in learning is to make the structure of the learning material clearer. This is especially important in e-learning courses in which students have to cope with the learning material on their own. In [8] an FCA-based tool, the K-Navi toolbar was proposed to support individual learning. This application finds concept associations and rebuilds the teaching materials' hypermedia structures automatically. In addition, it suggests related hyperlinks to other knowledge pieces which can promote better understanding.
FCA APPLICATIONS FOR TEACHERS
In [11] the authors presented an example of a university exam test in physics. The tasks of the test form the object set of a context, where the attributes are given by the physical concepts needed to solve the tasks. After creating the concept lattice of the context, a topological sorting algorithm was applied to the concepts. Using the obtained sorted concept lists, one can choose the optimal order of the test questions. Asking in the right order is especially important in case of computer-aided learning or e-learning courses where homework and exam questions are automatically generated.
Another important area of teachers' work is the evaluation of students. The main purpose of evaluating is to determine the level of the knowledge and decide whether the teacher was successful in his/her work. The teacher must know the shortcomings, the weak points and the strengths of their students in order to be able to develop them efficiently, and a deeper analysis of tests can improve the teacher's practice as well.
The most evident method to create a formal context in evaluating a test is making a student assessment table. It is a context in which the students correspond to objects and the problems of the test are considered as attributes. The relation is given by = {( , )| student has solved problem }.
Creating the concept lattice of the context, the resulting lattice shows a hierarchical order of groups of students and test-items as well. If we have only the list of results, we can calculate some statistical characteristics from the individual data, most frequently the mean or the median. The concept lattice provides much more information than a simple list of results. From the nodes of the lattice the individual results can be identified, but the lattice visualizes the knowledge structure of the whole class [12] .
A more complex evaluation scheme was suggested in [7] . The authors elaborated a novel method which combines the student assessment table with the concepts obtained from the questions skill table. This table is a formal context containing the set of the test questions as objects and the learning skills that are needed to answer the questions as attributes. The used learning skills were analytical, mental, numerical, mathematical and linguistic. The context is to be prepared before the assessment, and its concept lattice must be generated. The obtained concepts are called performance parameters (PP). They are involved in the evaluation process indicating to what extent is the student proficient in the skills that are included in the intension of a given PP. The suggested approach gives a more refined assessment of students because it emphasizes not only the knowledge that a student has gained but also his/her level of different learning skills.
EXPERIMENTAL RESULTS
In order to have real experiences in educational applications of FCA, we made a mathematical test for grammar-school students. Inspired by the evaluation method proposed in [7] , we created a new technique for mapping the knowledge structure of the class and its members individually. The input data are stored in two different matrices. One of them is the student assessment matrix (SAM) which contains the test-results. It has n rows and m columns, where n is the number of students, m is the number of test-items and the entry in cell (i, j) is 1, if student i provided an acceptable answer for problem j (otherwise the value is 0). The other matrix is the question skill matrix (QSM) which has m rows (m is as before) and k columns where k is the number of categories in which the test-problems are ranged. In our case the categories were specific fields of the learning material: functions (FUNC), algebra (ALG), equations (EQ), trigonometry (TRIG), geometry (GEO), probability theory (PROB) and reading comprehension (RC). The (i, j) element of the question skill matrix is 1, is a skill belonging to category j is needed to solve problem i (otherwise this entry is 0).
In our case we worked with the following matrices:
SAM P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 
